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Abstract
Pseudoane theories are characterized by formal replacement of the level to the fractional
number: k ! k
q
, where q is integer strange to k(g + k) (g - dual Coxeter number). An
example of "forbidden" q is considered (SU(2), q = 2). The fusions of obtained theory
are similar to the ane ones. Spectra of minimal models are calculated.
11 Introduction
To classify all the CFT’s with the given fusion rules is a dicult problem. Verlinde







rst nd all the possible S matrices, then try to realize them as a full fledged CFT’s.
The simplest case is boson on a lattice ([2]). For λ, µ vectors of the lattice M the S-matrix
is:
Sλ,µ = jM/M j− 12 exp(−2piiλµ) (2)
If M/M is a cyclic group then the most general solution of Verlinde equation is:
Sλ,µ = jM/M j− 12 exp(−2pii~qλµ) (3)
(here (~q, jM/M j) = 1, it is just an automorphism of a cyclic group). The spectrum of
the corresponding "pseudobosonic" theory is: hλ =
q˜λ2
2k
. In general M/M is a sum of
cyclic groups so one can take any automorphism of it:
Sλ,µ = jM/M j− 12 exp(−2piih(λ)µ) (4)
As was found in ([2],[4]) the pseudobosonic theories really exist, i.e. for any such auto-
morphism one can nd another lattice ~M such that (4) is its S matrix.
Similarly one can consider the ane Lie algebras and try to classify the theories that











where (q, g(k + g)) = 1, with dimensions: hλ =
qλ(λ+2ρ)
2(k+q)




To realize these theories one can use decomposition of Hilbert space into a product of





where CΛλ (τ) are parafermionic characters). By changing the bosonic lattice to another
one with the same fusions the dierent "pseudoane" theories are constructed. So e.g.
for q = p(k + g) + 1, p is integer, we have: c(q) − c(1) = integer and the corresponding
theories can be realized as a product of parafermions and pseudo-bosons with ~q = ~pk+ 1





modZ. However in this way not all the theories are obtained.
2To realize more theories one can try to play with parafermionic part, i.e. to nd "q-parafermionic"




here k and g are level and dual Coheter number of the ane Lie algebra and
(~~q, g(k + g)) = 1 (7)
In this paper we consider the q=2 parafermions ([6]) and build the corresponding analog
of pseudoane theory.
2 Parafermions
Consider the Zamolodchikov-Fateev SU(2)N
U(1)
parafermions ([5],[7]). The conformal dimen-




We will work with the q=2 parafermions. Note that for N-even the q=2 parafermions con-
tain the eld (χ0N  ψN/2) of integer dimension: N2 , so the chiral algebra can be extended.
Fusions of this eld with itself and other elds:
[χ0N ]  [χ0N ] = [χ00] [χ0N ]  [χλν ] = [χλν+N ] (8)
shows that it is local1, and all the elds of the coset are local with respect to it, so
modular invariance does not forbid any representation. Therefore the representations of
such "extended" algebra are denoted by χlm, 0  l  N, 0  m  N for general N . We
will consider the q=2 parafermions for odd N and q=2 extended algebra for even N
According to the (7) ~~q should be strange to 2, so in this case we apriori cannot have
neccesary fusions.
The corresponding coset ([9]) is SU(N)1SU(N)1
SO(N)D1
. In the original paper ([9]) more general
models SO(N)kSU(N)1
SO(N)2+k
were considered. Their central charge:
c = (N − 1)(1− N(N − 2)
(k +N)(k +N − 2)) (9)
For k = 2 it coincides with the central charge of q=2 parafermions. In this case (due
to conformal embedding: ̂SO(N)4  ̂SU(N)1) the chiral algebra can be extended (it
corresponds to the D-modular invariant of the coset) and we actually do it to obtain the
spectrum close to q-parafermions. For N = 3, due to specialities of SO(N), the coset is:
SU(2)4SU(3)1
SU(2)8
(conformal embedding: ̂SU(2)4  ̂SU(3)1). The cases of low N (N=3,4,6)
are dealt with separately due to relations: SO(3)  SU(2), SO(4)  SU(2) + SU(2),
SO(6)  SU(4).
1A field is local with respect to another if their OPE contains only integer powers of (z − w). A field
is local if it is local with respect to itself.
32.1 Technicalities
To obtain the selection rules and eld identications the projection matrix is used (see
[10] for a concise introduction). This is the matrix that sends any weight of algebra to
the weight of its subalgebra, e.g. consider the embedding: SU(2) 2 SU(3).
















−  −©−©−©− −
(−4) (−2) (0) (2) (4)
−  −©−©−©− −
(−2) (−1) (0) (1) (2)
The projection matrix that correspond to the rst embedding is (2, 2) the embedding is realized as : J
+ = Eα1 + Eα2
J− = E−α1 + E−α2
J0 = H1 +H2

The projection matrix that corresponds to the second one is (1, 1) the embedding is realized as : J
+ = Eα1+α2
J− = E−α1−α2
J0 = H1 +H2

Using the projection matrix one can calculate the index of embedding of G/H:
xe =
jP  θGj2
jθH j2 , (θG, θH are the highest roots of G and H) (10)
and the branching rules. However for a given xe and branching rules there are typically
many projection matrices (in the example before the matrices (1, 0), (0, 1), (1, 1) realize
xe = 1).
The selection rules for the eld χλν of G/H are:
P  λ− ν 2 P Q, Q is the root lattice of G (11)
Field identication takes place when the nontrivial branching of outer automorphism of
Dynkin diagram occurs:
8λ 2 G : (Aω^0, λ) = ( ~Aω^0, Pλ) modZ (12)




As an example consider the SU(3)1/SU(2)4 coset. The outer automorphisms of SU(3)
(Aω^0 = ω^1, A
2ω^0 = ω^2) have no nontrivial branching since (Aω^0, λ) =
2λ1+λ2
3




4The SU(2) automorphism: ( ~Aω^0 = ω^1) branches nontrivially:
( ~Aω^0, Pλ) = λ1 + λ2 = 0 modZ = (1ω^0, λ).






The embedding ̂SU(2)4  ̂SU(3)1 has index xe = 4, the projection matrix is: P = (2, 2).
Therefore the selection rule for the eld2 χλ,µν is: ν1 = 0 mod2
There is a nontrivial branching of Dynkin diagram outer automorphism: A  ω^0 = ω^1.
Corresponding to it the eld identication is χλ,µν0,ν1  χλ,µν1,ν0. The spectrum of the theory is
summarized in the table. The spectrum of the q=2 parafermions is given for comparison.
As one can see the two spectra are similar, the dierence is in the additional elds of the




































































































coset. The fusion are "almost the same":
Fusion of the q=2 Z3 parafermions Fusion of the
SU(3)1SU(3)1
SU(2)D8
[χ02]  [χ0−2] = [χ00]
[χ02]  [χ02] = [χ0−2]
[χ13]  [χ13] = [χ00] + [χ13]
[χ11]  [χ11] = [χ0−2] + [χ1−1]
[χ1,00 ]  [χ2,00 ] = [χ0,00 ]
[χ1,00 ]  [χ1,00 ] = [χ2,00 ]
[χ0,02 ]  [χ0,02 ] = [χ0,00 ] + [χ0,02 ] + [χ0,0,4]
[χ1,02 ]  [χ1,02 ] = [χ2,00 ] + [χ2,02 ] + [χ2,04 ]
2Here and in the sequel the weights of algebras are given in the basis of fundamental weights: λ =
(λ1, λ2, . . . , λr) = λ1  ωˆ1 +λ2  ωˆ2 + . . .+λr  ωˆr. The ”imaginary” weight λ0  ωˆ0 of affine Lie algebras is
omitted for brevity. In the case of ˆSU(N)1 the basic representations: (0, . . . , 0, 1︸ ︷︷ ︸
m
, 0, . . . , 0) = ωˆm, m  0
are denoted by (m)
52.3 SU(4)1SU(4)1SU(2)4SU(2)4






rules for a eld χλ,µ
ν(1)ν(2)
(ν(1) and ν(2) corresponding to the two SU(2) factors) are:
λ1 + λ3 + µ1 + µ3 − ν(1)1 = λ1 + λ3 + µ1 + µ3 − ν(2)1 = 0 mod2. Field identication arises
from the nontrivial branching of SU(4) automorphism: Aω^0 = ω^2 into the SU(2) one:
~Aω^0 = ω^1. It gives: ν
(1)
0  ν(1)1 , ν(2)0  ν(2)1 . The two spectra are given in the table:
Spectrum of the q = 2
Z4 extended parafermions










































































































Some of the fusion rules:





[χ02]  [χ02] = [χ00]
[χ02]  [χ11] = [χ13]
[χ02]  [χ24] = [χ22]
[χ11]  [χ11] = [χ02] + [χ22]
[χ0,20 ]  [χ0,20 ] = [χ0,00 ]
[χ0,20 ]  [χ0,10 ] = [χ0,30 ]
[χ0,20 ]  [χ0,02 ] = [χ0,22 ]
[χ0,11,1]  [χ0,11,1] = [χ0,20,0] + [χ0,22,0] + [χ0,20,2] + [χ0,22,2]
2.4 SU(6)1SU(6)1SU(4)4
The projection matrix for each of the SU(6) factors is: P =
 0 1 0 1 01 0 0 0 1
0 1 2 1 0
. The
selection rules for a eld χλ,µν : λ2 + λ4 + µ2 + µ4 − ν1λ1 + λ5 + µ1 + µ5 − ν2













6Field identication arises from the nontrivial branching of each of the SU(6) automor-
phism: Aω^0 = ω^3 into the SU(4) one: ~Aω^0 = ω^1. It gives:ν0  max(ν1, ν2, ν3) The two
spectra are given in the table3:
Spectrum of the q = 2
Z6 extended parafermions




















































































































2.5 SU(N)1SU(N)1SO(N)4 , N  5,odd
The projection matrix for each of the SU(N) factors is
P =

1 0 . . . . . . . . . . . . 0 1
0 1 0 . . . . . . 0 1 0
. . . . . . . . . . . . . . . . . . . . . . . .
0 . . . 0 2 2 0 . . . 0
 (14)
Selection rules for χλ,µν are simply: νN−1
2
= 0 mod2. Field identication occurs due to
SO(N) automorphism and results in the rule: ν0  ν1. The comarks of SO(N) for odd N
are: (1,2,. . . ,2,1). Representations with their conformal weights are given in the table:




2(N+2) h(0, . . . , 0, 1︸ ︷︷ ︸
m




























2,0,0 have the same
dimension so only one representative is written
4Conformal dimensions of SU(N)1 representations: hλm =
m(N−m)
2N
7As in the case of low N the spectrum of q=2 ZN parafermions is included in the one of
the coset and coset fusion rules are just extension of parafermionic ones.
2.6 SU(N)1SU(N)1SO(N)4 , N  8,even
The projection matrix for each of the SU(N) factors is
P =

1 0 . . . . . . . . . . . . . . . 0 1
0 1 0 . . . . . . . . . 0 1 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 . . . 0 1 2 1 0 . . . 0
 (15)
Selection rules for χλ,µν depend on N:
 N=4k







































Field identications occur due to SO(N) automorphisms: Aω^0 = ω^1, Aω^0 = ω^N
2
and the
even-N SU(N) automorphism: Aω^0 = ω^N
2
, (λ0, λ1, . . . , λN−1) ! (λN−1, λN−2, . . . , λ1, λ0).




). The comarks of SO(N) for even N
are: (1,2,. . . ,2,1,1). Representations with their conformal weights are given in the table:




2(N+2) h(0, . . . , 0, 1︸ ︷︷ ︸
m











As in the case of even N the spectrum of q=2 ZN extended parafermions is included in
the one of the coset and coset fusion rules are just extension of parafermionic ones.
3 Extended algebra
To obtain extended algebra similar to the pseudoane one we should multiply the parafermionic
theory with the U(1) boson at suitable level. For N-odd, the level is 2N, while for N-even,
the N/2 level should be taken. Consider this in details:
8The odd-N case
In the spirit of decomposition (6) rst the products C0λθλ are considered, since they form
the extended algebra. As is seen from the spectrum table, the elds of N=3 coset that








0 . In fact




0 . In particular
the elds that have the same conformal dimension as the "generating parafermion" (ψ1)







Let’s choose χ0,20 as ψ1, then by taking products with itself one has
5: ψn  [χ0,20 ]n = χ0,(2nmodN)0 .
Among the possible representations of U(1) at level 2N one seeks for those that complete





42N 2 Z, m 2 [−2N + 1, 2N ]
has only one root: m = 4. So the extended algebra contains elds: χ0,2n0 θ
(2N)
4n
The next step is to combine dierent representations of the product into irreducible rep-
resentations of extended algebra and to discard representations that are nonlocal with






4 ]  [χλ,µν θ(2N)m ] = [χλ,(µ+2)ν θ(2N)(m+4)] (16)
So the condition of locality is: m = 2µmodN.
Consider now the spectrum of the pseudoane algebra. Since N is odd any representation
of the extended algebra can be denoted by the elds of the form: χm,0ν θ
(2N)
nN , n = 0,1, 2.










for n = 0,1, 2 respectively. The ν is a representation of SO(N)4 allowed by selection
rules and eld identications. From this data the conformal dimension of any representa-





4m+nN , n = 0,1, 2 (17)
It is instructive to calculate the number of primaries of the extended algebra: since λ in
the (17) obtains N + 1 values this number is: (N + 1)  4(number of "possible ν’s").
The later is 3 for N=3, 4 for N=5 and N + (N−1)(N−3)
8
for N  7 odd.
The even-N case
As in the case of odd N, the "generating" parafermion is: χ0,20 , and the boson that




2 . The check of representations local to this al-




m is local provided: µ = m modN , that in our case (m 2 −N2 + 1 . . . N2 ,
µ = 0 . . . N − 1) means just µ = m.
The spectrum of the extended algebra is calculated similarly to the odd-N case, the only







5The fusions of SU(N)1 are just: [λm]  [λn] = [λ(m+n)modN]
9The following are spectra of extended algebra for several low N.
N=3
χ0,00  θ(6)0 0 χ0,02  θ(6)0 45 χ0,04  θ(6)0 25
χ1,00  θ(6)0 43 χ1,02  θ(6)0 215 χ1,04  θ(6)0 1115
χ2,00  θ(6)0 43 χ2,02  θ(6)0 215 χ2,04  θ(6)0 1115
χ0,00  θ(6)3 38 χ0,02  θ(6)3 4740 χ0,04  θ(6)3 3140
χ1,00  θ(6)3 4124 χ1,02  θ(6)3 61120 χ1,04  θ(6)3 133120
χ2,00  θ(6)3 4124 χ2,02  θ(6)3 61120 χ2,04  θ(6)3 133120
χ0,00  θ(6)6 32 χ0,02  θ(6)6 2310 χ0,04  θ(6)6 1910
χ1,00  θ(6)6 176 χ1,02  θ(6)6 4930 χ1,04  θ(6)6 6730
χ2,00  θ(6)6 176 χ2,02  θ(6)6 4930 χ2,04  θ(6)6 6730
N=4
χ0,00  θ(2)0 0 χ0,00,2  θ(2)0 23 χ0,02,0  θ(2)0 23 χ0,02,2  θ(2)0 13
χ1,01,1  θ(2)0 18 χ0,11,1  θ(2)1 14 χ2,11,1  θ(2)1 34
χ1,10  θ(2)0 78 χ1,10,2  θ(2)0 1324 χ1,12,0  θ(2)1 1324 χ1,12,2  θ(2)1 524
χ2,00  θ(2)0 12 χ2,00,2  θ(2)0 16 χ2,02,0  θ(2)0 16 χ2,02,2  θ(2)0 56
χ3,01,1  θ(2)0 18
χ3,10  θ(2)0 78 χ3,10,2  θ(2)0 1324 χ3,12,0  θ(2)1 1324 χ3,12,2  θ(2)1 524
To save the space, for N = 5 part of the spectrum is omitted, e.g. the elds χl,0ν and
χ(N−l),0ν have the same dimensions and similar fusions.
N=5
χ0,0(0,0)  θ(10)0 0 χ0,0(1,0)  θ(10)0 57 χ0,0(0,2)  θ(10)0 47 χ0,0(2,0)  θ(10)0 27 χ0,0(1,2)  θ(10)0 17 χ0,0(0,4)  θ(10)0 67
χ1,0(0,0)  θ(10)0 25 χ1,0(1,0)  θ(10)0 435 χ1,0(0,2)  θ(10)0 3435 χ1,0(2,0)  θ(10)0 2435 χ1,0(1,2)  θ(10)0 1935 χ1,0(0,4)  θ(10)0 935
χ2,0(0,0)  θ(10)0 35 χ2,0(1,0)  θ(10)0 1135 χ2,0(0,2)  θ(10)0 635 χ2,0(2,0)  θ(10)0 3135 χ2,0(1,2)  θ(10)0 2635 χ2,0(0,4)  θ(10)0 1635
χ0,0(0,0)  θ(10)5 58 χ0,0(1,0)  θ(10)5 7556 χ0,0(0,2)  θ(10)5 6756 χ0,0(2,0)  θ(10)5 5156 χ0,0(1,2)  θ(10)5 17 χ0,0(0,4)  θ(10)5 8356
χ1,0(0,0)  θ(10)5 4140 χ1,0(1,0)  θ(10)5 207280 χ1,0(0,2)  θ(10)5 167280 χ1,0(2,0)  θ(10)5 367280 χ1,0(1,2)  θ(10)5 327280 χ1,0(0,4)  θ(10)5 249280
χ2,0(0,0)  θ(10)5 4940 χ2,0(1,0)  θ(10)5 263280 χ2,0(0,2)  θ(10)5 223280 χ2,0(2,0)  θ(10)5 143280 χ2,0(1,2)  θ(10)5 383280 χ2,0(0,4)  θ(10)5 303280
χ0,0(0,0)  θ(10)10 52 χ0,0(1,0)  θ(10)10 4514 χ0,0(0,2)  θ(10)10 4314 χ0,0(2,0)  θ(10)10 3914 χ0,0(1,2)  θ(10)10 3714 χ0,0(0,4)  θ(10)10 4714
χ1,0(0,0)  θ(10)10 2910 χ1,0(1,0)  θ(10)10 18370 χ1,0(0,2)  θ(10)10 17370 χ1,0(2,0)  θ(10)10 22370 χ1,0(1,2)  θ(10)10 21370 χ1,0(0,4)  θ(10)10 19370
χ2,0(0,0)  θ(10)10 3110 χ2,0(1,0)  θ(10)10 19770 χ2,0(0,2)  θ(10)10 18770 χ2,0(2,0)  θ(10)10 23770 χ2,0(1,2)  θ(10)10 22770 χ2,0(0,4)  θ(10)10 20770
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